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Abstract
We propose a method to construct the on-shell component actions for the theories with 1/2 partial
breaking of global supersymmetry within the nonlinear realization (coset) approach. In contrast with
the standard superfield approach in which unbroken supersymmetry plays the leading role, we have
shifted the attention to the spontaneously broken supersymmetry. It turns out that in the theories
in which half of supersymmetries is spontaneously broken, all physical fermions are just the fermions
of the nonlinear realization. Moreover, the transformation properties of these fermions with respect
to the broken supersymmetry are the same as in the famous Volkov-Akulov model. Just this fact
completely fixed all possible appearances of the fermions in the component action: they can enter
the action through the determinant of the vielbein (to compensate the transformation of the volume
form) and the covariant derivatives, only. It is very important that in our parametrization of the
coset the rest of physical components, i.e. all bosonic components, transform as “matter fields” with
respect to the broken supersymmetry. Clearly, in such a situation the component action acquires the
form of the Volkov-Akulov action for these “matter fields”. The complete form of the action can be
further fixed by two additional requirements: a) to reproduce the bosonic limit, which is explicitly
known in many interesting cases, and b) to have a proper linearized form, which has to be invariant
with respect to the linearized unbroken supersymmetry. We supply the general consideration by a
detailed example of the component action of N = 1 supermembrane in D = 4 constructed within our
procedure. In this case we provide the exact proof of the invariance of the constructed component
action with respect to both, broken and unbroken supersymmetries.
1 Introduction and general setup
It is a well known fact that a domain wall spontaneously breaks the Poincare´ invariance of the target
space down to the symmetry group of the world volume subspace. This breaking results in the appearing
of the Goldstone bosons associated with spontaneously broken symmetries. When we are dealing with
the purely bosonic p-branes this information is enough to construct the corresponding action1. From the
mathematical point of view, the most appropriate approach to describe a partial breaking of Poincare´
symmetry is the nonlinear realization (or coset) method [2] suitably modified for the cases of (supersym-
metric) space-time symmetries in [3]. Schematically the coset approach works as follows.
After splitting the generators of the target space D-dimensional Poincare´ group, which is supposed
to be spontaneously broken on the world volume down to the d-dimensional Poincare´ subgroup, into
the generators of unbroken2 {P,M} and spontaneously broken {Z,K} symmetries (the generators P
and Z form D-dimensional translations, M generators span the so(1, d − 1) - Lorentz algebra on the
world volume, while generators K belong to the coset so(1, D − 1)/so(1, d− 1)), one may realize all the
transformations of D-dimensional Poincare´ group by the left action on the coset element
g = exP eq(x)ZeΛ(x)K . (1.1)
The spontaneous breaking of Z and K symmetries is reflected in the character of corresponding coset
coordinates which are Goldstone fields q(x) and Λ(x) in the present case. The transformation properties
of coordinates x and fields q(x),Λ(x) may be easily found in this approach, while all information about
geometric properties is contained in the Cartan forms
g−1dq = ΩPP +ΩMM +ΩZZ +ΩKK. (1.2)
All Cartan forms except for ΩM are transformed homogeneously under all symmetries. Due to the general
theorem [4] not all of the above Goldstone fields have to be treated as independent. In the present case
the fields Λ(x) can be covariantly expressed through x-derivatives of q(x) by imposing the constraint
ΩZ = 0. (1.3)
Thus, we are dealing with the fields q(x) only. It is very important that the form ΩP defines the vielbein
E (d-bein in the present case), connecting the covariant world volume coordinate differentials ΩP and
the world volume coordinate differential dx as
ΩP = E · dx. (1.4)
Combining all these ingredients, one may immediately write the action
S = −
∫
ddx+
∫
ddx det(E), (1.5)
which is invariant under all symmetries. In (1.5) we have added the trivial first term to fulfill the condition
Sq=0 = 0. The action (1.5) is just the static gauge form of the actions of p = (D − d)-branes.
The supersymmetric generalization of the coset approach involves into the game new spinor generators
Q and S which extend the D-dimensional Poicare´ group to the supersymmetric one
{Q,Q} ∼ P, {S, S} ∼ P, {Q,S} ∼ Z. (1.6)
The most interesting cases are those when the Q supersymmetry is kept unbroken, while the S super-
symmetry is supposed to be spontaneously broken3. When #Q = #S we are facing the so called 1/2
Partial Breaking of Global Supersymmetry cases, which most of all interesting supersymmetric domain
walls belong to. Only such cases of supersymmetry breaking will be considered in this Letter.
1The situation with the bosonic D-branes, which necessarily contain the gauge fields is less clear, despite the knowl-
edge of the explicit actions, etc [1]. Fortunately, in the supersymmetric cases, where the supersymmetry is also partially
spontaneously broken, the bosonic sector, which is the combination of Nambu-Goto and Born-Infeld actions, appears auto-
matically.
2For the sake of brevity we suppress here all space-time indices.
3If all supersymmetries are considered as spontaneously broken, the corresponding action can be constructed similarly to
the bosonic case, resulting in the some synthesis of Volkov-Akulov [5] and Nambu -Goto actions. An enlightening example
of such a construction can be found in [6]
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Now, all our symmetries can be realized by group elements acting on the coset element
g = exP eθQeq(x,θ)Zeψ(x,θ)SeΛ(x,θ)K. (1.7)
The main novel feature of the supersymmetric coset (1.7) is the appearance of the Goldstone superfields
{q(x, θ), ψ(x, θ),Λ(x, θ)} which depend on the coordinates of the world volume superspace {x, θ}. The
rest of the coset approach machinery works in the same manner: one may construct the Cartan forms
(1.2) for the coset (1.7) (which will contain the new forms ΩQ and ΩS), one may find the supersymmetric
d-bein and corresponding bosonic ∇P and spinor ∇Q covariant derivatives, etc. One may even write the
proper generalizations of the covariant constraints (1.3) as
ΩZ = 0, ΩS | = 0, (1.8)
where | means the dθ-projection of the form (see e.g. [7] and references therein). The dθ parts of
these constraints are closely related with the ”geometro-dynamical” constraint of the super-embedding
approach (see e.g. [8]).
Unfortunately, this similarity between purely bosonic and supersymmetric cases is not complete due
to the existence of the following important new features of theories with partial breaking of global
supersymmetry:
• In contrast with the bosonic case, not all of the physical fields appear among the parameters of the
coset. A famous example comes from the supersymmetric D3-brane (aka N = 1 Born-Infeld theory)
where the coset element (1.7) contains only P,Q and S generators [9], [10], while the field strength
is “hidden” inside the superfield ψ : F ∼ ∇Qψ|. Nevertheless, it is true that the all physical bosonic
components can be found in the quantity ∇Qψ|.
• The supersymmetric generalization (1.8) of the bosonic kinematic constraints (1.3) in most cases
contains not only kinematic conditions, but also dynamic superfield equations of motion. A promi-
nent example again may be found in [9]. Moreover, in many cases it is unknown how to split these
constraints into kinematical and dynamical ones.
• But the most unpleasant feature of the supersymmetric cases is that the standard methods of
nonlinear realizations fail to construct the superfield action! The main reason for this is simple:
all that we have at hands are the covariant Cartan forms, which we can construct the superfield
invariants from, while the superspace Lagrangian is not invariant. Instead it is shifted by the full
spinor derivatives under unbroken and/or broken supersymmetries.
Therefore, all that we can do until now, within the supersymmetric coset approach, is
• to find the transformation properties of the superfields and construct the covariant derivatives
• to find the superfield equations of motion and/or covariant variants of irreducibility constraints.
That is why during recent years some new methods to construct the actions (in terms of superfield or in
terms of physical components) have been proposed. Among them one should mention the construction
of the linear realization of partially broken supersymmetry [9], [10], [11], [12] and reduction from higher
dimensional supersymmetric D-brane action [1] to lower dimensions [13].
In this Letter we will make one further step in the application of the supersymmetric coset approach,
by demonstrating how on-shell component actions can be constructed within it. This construction is so
simple that it can be schematically formulated just here.
The main idea is to start with the Ansatz for the action manifestly invariant with respect to sponta-
neously broken supersymmetry. Funny enough, it is rather easy to do, due to the following properties:
• in our parametrization of the coset element (1.7) the superspace coordinates θ do not transform
under broken supersymmetry. Thus, all components of superfields transform independently,
• the covariant derivatives ∇P and ∇Q are invariant under broken supersymmetry. Therefore, the
bosonic physical components which are contained in ∇Qψ| can be treated as “matter fields” (to-
gether with the field q(x, θ)| itself) with respect to broken supersymmetry,
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• all physical fermionic components are just θ = 0 projections of the superfield ψ(x, θ) and these
components transform as the fermions of the Volkov-Akulov model [5] with respect to broken
supersymmetry.
The immediate consequence of these facts is the conclusion that the physical fermionic components can
enter the component on-shell action through the determinant of the d-bein E constructed with the help
of the Cartan form ΩP in the limit θ = 0, or through the space-time ∇P derivatives of the “matter fields”,
only. Thus, the most general Ansatz for the on-shell component action, which is invariant with respect
to spontaneously broken supersymmetry, has the form
S =
∫
ddx−
∫
ddxdet(E)F(∇Qψ|,∇P q|). (1.9)
Note, that the arguments of the function F are the bosonic physical components ∇Qψ| without any
derivatives and/or covariant space-time derivatives of q (which, by the way, are also contained in ∇Qψ|).
The explicit form of the function F can be fixed by two additional requirements
1. The action (1.9) should have a proper bosonic limit, which is known in almost all interesting cases.
One should note, that this limit for the action (1.9) is trivial
Sbos =
∫
ddx (1−F(∇Qψ|, ∂P q)) .
2. The action (1.9) in the linear limit should possess a linear version of unbroken supersymmetry, i.e.
it should be just a sum of the kinetic terms for all bosonic and fermionic components with the
relative coefficients fixed by unbroken supersymmetry.
These conditions completely fix the component action. Of course, as the final step, the invariance with
respect to unbroken supersymmetry has to be checked.
In the next Section we apply the above procedure to the simplest case of N = 1 supermembrane in
D = 4. In Section 3, for completeness, we extend our analysis to the case of the dual system - N=1
supersymmetric space filling D2 brane. Two Appendices contain the technical details, notation and
explicit proof of the invariance of the supermembrane action with respect to both, broken and unbroken
supersymmetries. We conclude with some comments and perspectives.
2 Supermembrane in D=4
As the first instructive example of our approach we will consider in this Section the supermembrane in
D = 4. In the first subsection we will mainly follow the paper [11].
2.1 Kinematical constraints and equations of motion
The nonlinear realization of the breaking N = 1, D = 4 → N = 1, d = 3 has been constructed in [11].
There, the N = 1, D = 4 super Poincare´ group has been realized in its coset over the d = 3 Lorentz group
SO(1, 2)
g = ex
abPabeθ
aQaeqZeψ
aSaeΛ
abKab . (2.1)
Here, xab, θa areN = 1, d = 3 superspace coordinates, while the remaining coset parameters are Goldstone
superfields, ψa ≡ ψa(x, θ), q ≡ q(x, θ), Λab ≡ Λab(x, θ). To reduce the number of independent superfields
one has to impose the constraints4
ΩZ = 0 ⇒
{ ∇abq + 41+2λ2λab = 0 (a)
∇aq − ψa = 0 (b) (2.2)
The Eqs.(2.2) allow to express λab(x, θ) and ψ
a(x, θ) through covariant derivatives of q(x, θ). Thus, the
bosonic superfield q(x, θ) is the only essential Goldstone superfield we need for this case of the partial
4We collect the exact expressions for the covariant derivatives ∇ab,∇a and their properties, constructed in [11], in
Appendix A.
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breaking of the global supersymmetry. The constraints (2.2) are covariant under all symmetries and they
do not imply any dynamics and leave q(x, θ) off shell.
The last step we can make within the coset approach is to write the covariant superfield equations
of motion. It was shown in [11] that this can be achieved by imposing the following constraint on the
Cartan form:
ΩS | = 0 ⇒ (a) ∇aψa = 0 , (b) ∇(aψb) = −2λab . (2.3)
where | denotes the ordinary dθ- projection of the form ΩS .
The equations (2.3) imply the proper dynamical equation of motion
∇a∇aq = 0. (2.4)
This equation is also covariant with respect to all symmetries, and its bosonic limit (for q(x) ≡ q(x, θ)|θ=0)
reads
∂ab
 ∂abq√
1− 12∂q · ∂q
 = 0 , (2.5)
which corresponds to the “static gauge” form of the D = 4 membrane Nambu-Goto action
S =
∫
d3x
(
1−
√
1− 1
2
∂abq∂abq
)
. (2.6)
Thus, the equations (2.3) indeed describe the supermembrane in D = 4.
2.2 Component action for N = 1, D = 4 supermembrane
Until now we just repeated the standard coset approach steps from the paper [11] in the application to
the N = 1, D = 4 supermembrane. As we already said in the Introduction, the nonlinear realization
approach fails to construct the superfield action. That is why, to construct the superfield action one has
to involve some additional arguments/scheme as it has been done, for example, in [11].
Funny enough, if we instead will be interested in the component action, then it can be constructed
almost immediately within the nonlinear realization approach. One may check that all important features
of the on-shell (i.e. with the equations (2.3) taken into account) component action we summarize in the
Introduction, are present in the case at hands. Indeed,
• all physical components, i.e. q|θ=0 and ψa|θ=0, are among the “coordinates” of our coset (2.1) as
the θ = 0 parts of the corresponding superfields,
• under spontaneously broken supersymmetry the superspace coordinates θa do not transform at all
(A.5). Therefore, the corresponding transformation properties of the fermionic components ψa|θ=0
are the same as in the Volkov-Akulov model [5], where all supersymmetries are supposed to be
spontaneously broken,
• Finally, the θ = 0 component of our essential Goldstone superfield q(x, θ) does not transform under
spontaneously broken supersymmetry and, therefore, it behaves like a “matter” field within the
Volkov-Akulov scheme.
As the immediate consequences of these features we conclude that
• The fermionic components ψa|θ=0 may enter the component action either through det(E) (A.14)
(to compensate the transformation of volume d3x under (A.5)) or through the covariant derivatives
∇ab (A.12), only,
• The “matter” field – q|θ=0 may enter the action only through covariant derivatives ∇abq.
Thus, the unique candidate to be the component on-shell action, invariant with respect to sponta-
neously broken supersymmetry (Sa) reads
S = α
∫
d3x+ β
∫
d3x (detE)F(∇abq∇abq), (2.7)
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with an arbitrary, for the time being, function F . All other interactions between the bosonic component
q and the fermions of spontaneously broken supersymmetry ψa are forbidden!
Note, that the first, trivial term in (2.7) is independently invariant under broken (and unbroken!)
supersymmetries, because, in virtue of (A.5)
δS
∫
d3x ∼
∫
d3x ∂ab
(
ξaψb
)
and, therefore δS
∫
d3x = 0. (2.8)
As we already said in the Introduction, this term in the action (2.7) ensures the validity of the limit
Sq=0,ψ=0 = 0.
The action (2.7) is the most general component action invariant with respect to unbroken supersym-
metry. But in the present case we explicitly know its bosonic limit - it should be just the Nambu-Goto
action (2.6). Some additional information about its structure comes from the linearized form of the
action, which, according with its invariance with respect to unbroken supersymmetry, has to be
Slin ∼ ψa∂abψb − 1
4
∂abq∂abq. (2.9)
Combining all these ingredients, which completely fix the parameters α and β in (2.7), we can write the
component action of N = 1, D = 4 supermembrane as
S =
∫
d3x
[
2− det(E)
(
1 +
√
1− 1
2
∇abq∇abq
)]
. (2.10)
The explicit expression for det(E) has the form
det(E) = 1 +
1
2
ψa∇abψb − 1
16
ψdψd ∇abψc∇abψc =
= 1 +
1
2
ψa∂abψ
b +
1
8
ψdψd
(
∂abψb∂acψ
c +
1
2
∂abψc∂abψc
)
. (2.11)
Let us stress, that such a simple form of the component action is achieved only in the rather specific
basis, where the bosonic q and fermionic fields ψa are the Goldstone fields of the nonlinear realization.
Surely, this choice is not unique and in different bases the explicit form of action could drastically change.
The most illustrative example is given by the action in [14], where the on-shell component action for the
supermembrane has been constructed for the first time.
The detailed proof that the action (2.10) is invariant with respect to both, broken and unbroken
supersymmetries, can be found in Appendix B.
3 Supersymmetric D2 brane component action
Due to the duality between scalar field and gauge field strength in d = 3, the action for D2 brane can be
easily constructed within the coset approach. The idea of the construction is similar to the purely bosonic
case. The crucial step is to treat the first, bosonic component of λab as an independent component (i.e.
to ignore the (a) part of Eqs.(2.2)). Now, the generalized variant of the action (2.10) reads
S =
∫
d3x
[
2− det(E)− det(E)
(
1 + 2
λab(∇abq + 2λab)
1− 2λ2
)]
. (3.1)
All these summands have a description in terms of θ = 0 parts of the Cartan forms (A.9). The first term
is just a volume form constructed from ordinary differentials dxab. The second terms is a volume form
constructed from semi-covariant differentials dxˆab
dxˆab = dxab +
1
2
ψa∂cdψ
bdxcd.
Finally, the last term in (3.1) is a volume form constructed from θ = 0 component of the forms ΩabP (A.9)
dx˜ab = dxˆab +
2
1− 2λ2λ
ab (∇cdq + 2λcd) dxˆcd.
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Since the action (3.1) depends only on λab and not on its derivatives, the λ-equation of motion
∇abq = − 4λab
1 + 2λ2
(3.2)
can be used to eliminate λab in favor of ∇abq. Clearly, the equation (3.2) is just the (a) part of the
constraints (2.2), we ignored while introducing the action (3.1). Plugging λ expressed through q back
into (3.1) gives us the action (2.10).
Alternatively, the equation of motion for q
∂ab
[
det(E) λcd
(
E−1
)
cd
ab
1− 2λ2
]
= 0 (3.3)
has the form of the d = 3 Bianchi identity for the field strength F ab
F ab ≡ det(E) λ
cd
(
E−1
)
cd
ab
1− 2λ2 ⇒ ∂abF
ab = 0. (3.4)
Substituting this into the action (3.1) and integrating by parts, one may bring it to the supersymmetric
D2-brane action
S =
∫
d3x
[
2− det(E)
(
1 +
√
1 + 8F˜ 2
)]
(3.5)
where
F˜ab ≡ (E)ab
cd Fcd
det(E)
=
λab
1− 2λ2 . (3.6)
Therefore,
S = 2
∫
d3x
[
1− det(E) 1
1− 2λ2
]
. (3.7)
Clearly, in the bosonic limit F˜ab = Fab and thus, the bosonic part of the (3.5) is the standard Born-Infeld
action for D2-brane, as it should be.
4 Conclusion
In this Letter we proposed a method to construct the on-shell component actions for theories with 1/2
partial breaking of global supersymmetry within the nonlinear realization approach. In contrast with
the standard superfield approach in which unbroken supersymmetry plays the leading role, we have
shifted the attention to the spontaneously broken supersymmetry. It turns out that in the theories in
which half of supersymmetries are spontaneously broken, all physical fermions are just the fermions of
the nonlinear realization. Moreover, the transformation properties of these fermions with respect to the
broken supersymmetry are the same as in the famous Volkov-Akulov model. Just this fact completely
fixed all possible appearances of the fermions in the component action: they can enter the action through
the determinant of the d-bein (to compensate the transformation of the volume form) and through
covariant derivatives, only. It is very important that in our parametrization of the coset the rest of
the physical components, i.e. all the bosonic components, transform as “matter fields” with respect to
the broken supersymmetry. Clearly, in such a situation the component action acquires the form of the
Volkov-Akulov action for these “matter fields”. The complete form of the action can be further fixed
by two additional requirements: a) to reproduce the bosonic limit, which is explicitly known in many
interesting cases, and b) to have a proper linearized form, which has to be invariant with respect to the
linearized unbroken supersymmetry. We supply the general consideration by a detailed example of the
component action of N = 1 supermembrane in D = 4 constructed within our procedure. In this case we
provide the readers with the exact proof of the invariance of the component action with respect to both,
broken and unbroken supersymmetries.
It should be clear that the extremely simple form of the component actions (at least in the explicit
case of the supermembrane we considered in this Letter) is achieved due to the quite special choice of the
physical components: all of them are fields of the nonlinear realization. This is in a dramatic contrast
with the superfield approach, in which the main objects are the (super)fields of the linearly realized
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broken supersymmetry [9, 11, 12]. Of course, it is preferable to have the superfield actions, but their
very nice superspace forms become very complicated after passing to the components. Moreover, in such
component actions it is a very nontrivial task to select some geometric objects and structures. In this
respect, our construction looks as an alternative one, and the component form and on-shell character of
our actions is the price we have to pay for their simplicity and clear geometric meaning.
It seems that the unique serious limitation of our construction is its validity for theories with 1/2
breaking of the global supersymmetries only. But even if it is so, the one explicit example given here
is not enough to prove the efficiency of our approach. Therefore, the evident task is to apply the
proposed method to the cases where the superspace actions are known, having in mind to get more
simple and understandable form of the components actions (e.g. supermembrane in D = 6 [9, 15], N = 1
Born-Infeld action in D = 4 [9, 10], superfield actions in AdS5 [16], etc.). But the most interesting
cases are those for which the components actions are still unknown (the action for partial breaking of
N = 1, D = 10 supersymmetry with the hypermultiplet as the Goldstone superfield [17], etc.). Among
the most complicated and urgent task is the construction of N = 2 Born-Infeld action within our scheme,
using the nonlinear realization of [18]. Such an action has been recently constructed in [13] within a
completely different approach. We are hoping that our variant of the action, when and if it will be
constructed, would have a more simple structure.
Finally, it seems to be very important to make a careful comparison of the action we constructed
in this Letter with known ones, constructed in [14] and those which can be extracted from the explicit
superfield action of [11].
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Appendix A: Superalgebra, coset space, transformations and Car-
tan forms
In this Appendix we collected some formulas from the paper [11] where the nonlinear realization of
N = 1, D = 4 Poincare´ group in its coset over d = 3 Lorentz group SO(1, 2) was constructed.
In d = 3 notation the N = 1, d = D Poincare´ superalgebra contains the following set of generators:
N=2, d=3 SUSY ∝ {Qa, Pab, Sa, Z,Mab,Kab} , (A.1)
a, b = 1, 2 being the d = 3 SL(2, R) spinor indices 5. Here, Pab and Z are D = 4 translation generators,
Qa and Sa are the generators of super-translations, the generators Mab form d = 3 Lorentz algebra
so(1, 2), while the generators Kab belong to the coset SO(1, 3)/SO(1, 2). The basic anticommutation
relations read
{Qa, Qb} = Pab , {Qa, Sb} = ǫabZ , {Sa, Sb} = Pab . (A.2)
The coset element was defined in [11] as
g = ex
abPabeθ
aQaeqZeψ
aSaeΛ
abKab . (A.3)
Here, xab, θa areN = 1, d = 3 superspace coordinates, while the remaining coset parameters are Goldstone
superfields, ψa ≡ ψa(x, θ), q ≡ q(x, θ), Λab ≡ Λab(x, θ).
The transformation properties of the coordinates and superfields with respect to all symmetries can
be found by acting from the left on the coset element g (A.3) by the different elements of N = 1, D = 4
supergroup. They have the following explicit form:
5The indices are raised and lowered as follows: V a = ǫabVb, Vb = ǫbcV
c, ǫabǫ
bc = δca .
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• Unbroken supersymmetry (g0 = exp (aabPab + ηaQa))
δxab = aab − 1
4
ηaθb − 1
4
ηbθa, δθa = ηa . (A.4)
• Broken supersymmetry (g0 = exp (ξaSa))
δxab = −1
4
ξaψb − 1
4
ξbψa, δq = ξaθa, δψ
a = ξa . (A.5)
• K transformations (g0 = exp (rabKab))
δxab = −2qrab − 1
2
θcr
caψb − 1
2
θcr
cbψa +
1
2
θarbcψc +
1
2
θbracψc ,
δθa = −2rabψb , δq = −4rabxab , δψab = 2rabθb, δλab = rab − 4λacrcdλdb . (A.6)
• Broken Z-translations (g0 = exp(cZ))
δq = c . (A.7)
• The d = 3 Lorentz group SO(1, 2) ∼ SL(2, R) acts as rotations of the spinor indices.
In (A.6) the coordinates of the stereographic parametrization of the coset SO(1, 3)/SO(1, 2) have been
defined as
λab =
tanh
(√
2Λ2
)
√
2Λ2
Λab , tanh 2
(√
2Λ2
)
≡ 2λ2 , Λ2 ≡ ΛabΛab , λ2 ≡ λabλab . (A.8)
The most important objects in the coset are the Cartan forms
g−1dg = ΩQ +ΩP +ΩZ +ΩS +ΩK + ΩM .
In what follows we will need only the forms ΩQ,ΩP ,ΩZ and ΩS which were constructed in [11]
ΩZ =
1 + 2λ2
1− 2λ2
[
dqˆ +
4
1 + 2λ2
λabdxˆ
ab
]
Z ,
ΩP ≡ ΩabP Pab =
[
dxˆab +
2
1− 2λ2 λ
ab
(
dqˆ + 2λcddxˆ
cd
)]
Pab ,
ΩQ ≡ ΩaQQa =
1√
1− 2λ2
[
dθa + 2λabdψb
]
Qa , ΩS =
1√
1− 2λ2
[
dψa − 2λabdθb
]
Sa . (A.9)
dxˆab ≡ dxab + 1
4
θadθb +
1
4
θbdθa +
1
4
ψadψb +
1
4
ψbdψa , dqˆ ≡ dq + ψadθa . (A.10)
Note, that all Cartan forms, except for ΩM , transform homogeneously under all symmetries.
Having at hands the Cartan forms, one may construct the “semi-covariant” (covariant with respect
to d = 3 Lorentz, unbroken and broken supersymmetries only) as
dxˆab∇ab + dθa∇a = dxab ∂
∂xab
+ dθa
∂
∂θa
. (A.11)
Explicitly, they read [11]
∇ab = (E−1)cdab ∂cd , ∇a = Da +
1
2
ψbDaψ
c∇bc = Da + 1
2
ψb∇aψc ∂bc , (A.12)
where
Da =
∂
∂θa
+
1
2
θb∂ab , {Da, Db} = ∂ab , (A.13)
Ecdab =
1
2
(δcaδ
d
b + δ
d
aδ
c
b) +
1
4
(ψc∂abψ
d + ψd∂abψ
c) , (A.14)
(E−1)cdab =
1
2
(δcaδ
d
b + δ
d
aδ
c
b)−
1
4
(ψc∇abψd + ψd∇abψc) . (A.15)
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These derivatives obey the following algebra:
[∇ab,∇cd] = −∇abψm∇cdψn∇mn , [∇ab,∇c] = ∇abψm∇cψn∇mn ,
{∇a,∇b} = ∇ab +∇aψm∇bψn∇mn . (A.16)
To complete this rather technical Appendix, we will also define the d = 3 volume form in a standard
manner as
d3x ≡ ǫijkdxi ∧ dxj ∧ dxk ⇒ dxi ∧ dxj ∧ dxk = 1
6
ǫijkd3x. (A.17)
The translation to the vectors is defined as
V i ≡ i√
2
(
σi
)
a
b Vb
a ⇒ Vab = − i√
2
V i
(
σi
)
a
b, V abVab = V
iV i. (A.18)
Here we are using the standard set of σi matrices
σi σj = iǫijkσk + δijE,
(
σi
)
a
b
(
σi
)
c
d = 2δa
dδc
b − δabδcd, (A.19)
were ǫijk obeys relations
ǫijkǫimn = δjmδkn − δjnδkm, ǫijkǫijn = 2δkn, ǫijkǫijk = 6. (A.20)
Appendix B
In this Appendix we will prove the invariance of the supermembrane action (2.10) under broken and
unbroken supersymmetries. The proof for the broken supersymmetry is the easiest one and we will start
with this invariance.
Broken supersymmetry
Under spontaneously broken Sa supersymmetry our coordinates and the physical components transform
as in (A.5), i.e.
δxab = −1
4
ξaψb − 1
4
ξbψa, δq = 0, δψa = ξa . (B.1)
One may immediately check that the θ = 0 part of the covariant differential dxˆab, defined in (A.10)
dxˆab = dxab +
1
4
ψadψb +
1
4
ψbdψa (B.2)
is invariant under the transformations (B.1). Therefore, the covariant derivatives ∇ab (A.12) are also
invariant under broken supersymmetry transformations. Now, for the active form of the transformations
(δφ = φ′(x)− φ(x)) we have
δS∇abq = 1
2
ξcψd∂cd∇abq ⇒ δSF(∇q · ∇q) = 1
2
ξaψb∂abF ,
δSψ
a = ξa +
1
2
ξcψd∂cdψ
a, δS∇abψc = 1
2
ξdψe∂de∇abψc, (B.3)
and, therefore,
δS det(E) =
1
2
ξa∇abψb − 1
8
ξdψd∇abψc∇abψc + 1
2
ξcψd∂cd det(E). (B.4)
Thus, the integrand in the action (2.7) transforms as follows:
δS (det(E)F) =
(
1
2
ξa∇abψb − 1
8
ξdψd∇abψc∇abψc
)
F + 1
2
ξcψd∂cd [det(E)F ] =(
1
2
ξa∇abψb − 1
8
ξdψd∇abψc∇abψc − 1
2
ξc∂cdψ
d det(E)
)
F . (B.5)
It is a matter of direct calculations to check that the expression in the parentheses in (B.5) is zero.
Thus, the action (2.7), as well as the action (2.10), are indeed invariant under spontaneously broken
supersymmetry.
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Unbroken supersymmetry
It is funny, but in contrast with the superfield approach in which unbroken supersymmetry is mani-
fest, to prove the invariance of the component action (2.10) under unbroken supersymmetry is a rather
complicated task.
Under unbroken (Qa) supersymmetry the covariant derivatives ∇ab,∇a (A.12) are invariant by con-
struction. Therefore, the objects ∇abψc,∇abq are the superfields with the standard transformation prop-
erties:
δQψ
a ≡ −ηbDbψa = 2ηb
(
λb
a − 1
2
ψmλb
n∂mnψ
a
)
, (B.6)
δQ∇abψc ≡ −ηdDd∇abψc = −ηd (2∇abψmλdn∇mnψc − 2∇abλdc + ψmλdn∂mn∇abψc) , (B.7)
δQ∇abq ≡ −ηcDc∇abq = −ηc
(
1− 2λ2
1 + 2λ2
∇abψc + ψmλcn∂mn∇abq
)
. (B.8)
Therefore,
δQ det(E) = η
cλc
a∇abψb − ηc∇abλbcψa + ηcλcnψa∇abψm∇mnψb − 1
4
ηbλb
aψa∇mnψk∇mnψk −
1
8
ψ2ηdλd
b∇bcψc∇mnψk∇mnψk + 1
4
ψ2ηd∇abλdc∇abψc − ηcλcnψm∂mn det(E), (B.9)
and
δQF = −21− 2λ
2
1 + 2λ2
ηc∇abψc∇abqF ′ − ηcλcnψm∂mnF . (B.10)
The F ′ in (B.10) denotes the derivative F over its argument (i.e. over ∇q · ∇q in our case).
Combining these expressions we will get the following variation of the integrand of our action (2.10):
δQL ≡ δQ (det(E)F) = δQ det(E)F + det(E)δQF . (B.11)
In (B.11) the last terms from δQ det(E) (B.9) and δQF (B.10) combine together to produce
−ηaλabψc∂bc [det(E)F ] .
Therefore, after integration by parts in this term we will get
δQL =
(
ηcλc
a∇abψb − ηc∇abλbcψa + ηcλcnψa∇abψm∇mnψb − 1
4
ηbλb
aψa∇mnψk∇mnψk−
1
8
ψ2ηdλd
b∇bcψc∇mnψk∇mnψk + 1
4
ψ2ηd∇abλdc∇abψc
)
F − (B.12)
2
1− 2λ2
1 + 2λ2
ηc∇abψc∇abqF ′ det(E) + ηc∂mnλcnψmF det(E) + ηcλcn∂mnψmF det(E).
Now, one may check that three terms with the derivatives of λab (i.e., the second terms in each of all
three lines of (B.12)) just canceled.
The next step is to substitute into (B.12) the explicit expressions for λab (2.2) and for F (2.10)
λab =
− 12∇abq
1 +
√
1− 12∇q · ∇q
, F = 1 +
√
1− 1
2
∇q · ∇q. (B.13)
If we note that
λab =
− 12∇abq
F and
1− 2λ2
1 + 2λ2
= − 1
4 F ′ , (B.14)
it will be not so strange that after substitution of (B.13) into (B.12), the variation δQL will not contain
any square roots. So, it will read
δQL = −1
2
ηc∇caq∇abψb − 1
2
ηc∇cnqψa∇abψm∇mnψb + 1
8
ηb∇baqψa∇cdψe∇cdψe +
1
16
ψ2ηa∇abq∇bcψc∇deψf∇deψf + 1
2
ηc∇abψc∇abq det(E)−
1
2
ηa∇abq ∂bcψc det(E). (B.15)
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Substituting now the expression for ∂bcψ
c det(E) from (B.5) and slightly rearranging the terms, we obtain
δQL = −ηc∇caq∇ab ψb − 1
4
ηa∇abq ψb∇cdψd∇ceψe + 1
16
ψ2ηa∇abq∇bcψc∇deψf∇deψf +
1
2
ηc∇abψc∇abq det(E). (B.16)
Finally, combining the terms in the first line together, we will get the following simple form of the variation
of the integrand:
δQL = −ηc
(
∇caq∇abψb − 1
2
∇cnq∇abψc
)
det(E). (B.17)
Unfortunately, further simplifications are not possible. The simplest way to be sure that δQL (B.17)
gives zero after integration over d3x is to find the “equation of motion” for q which follows from the
“Lagrangian” (B.17)
δ
δq
∫
d3x δQL = 0. (B.18)
Clearly, expression (B.18) has to be identically equal to zero if our action is invariant under unbroken
supersymmetry. After quite lengthly and tedious, but straightforward calculations, one may show that
this is indeed so.
Thus, our action (2.10) is invariant with respect both, broken and unbroken supersymmetries.
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